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Technically, the performance of any successful enhanced oil recovery
(EOR) project is given by the amount of incremental oil achieved from
it. This paper adapted the Simpson quadrature in predicting the
incremental oil from successful enhanced oil recovery processes. The
error term of the quadrature was accounted for using the Finite difference
approach, unlike in past works where it was neglected. This ensures that
the differential equations component of the error formulae was
adequately catered for numerically. This is important as the data
considered were not defined by a model, typical of field data.
Experimental data were used for the analyses. With the measured
Incremental oil values from the laboratory used as comparative
standards, results from the analyses showed that the Simpson quadrature
gives a better incremental oil estimation among the numerical quadrature
considered. This is lucid from the ‘‘error profile’’ plots for the two case
studies where the Simpson and Trapezoidal recorded 4.567% and 5.41%
for surfactant flooding and 5% and 18% for polymer flooding
respectively. The superiority of the Simpson rule in incremental oil can
be attributed to its adoption of higher order polynomial in modelling data
points.

Keywords:
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1.0 Introduction
Incremental oil is a critical factor in quantifying the success and profitability of any EOR process.
Despite its unquestionable high importance, a careful perusal through past literature shows that
attaining accuracy in its prediction have been a challenge in the past. The methods adopted have
been questioned due to the relatively high error incurred in applying them as compared with observed
field data. Typical examples of such predictive methods are the Decline curve and Trapezoidal rule.
Mathematically, the concept of predicting the incremental oil from any successful EOR process
involves integrating to estimate the area under the EOR rate-time curve. Research, however have
shown that the Decline curve fails to properly estimate this due to the challenge of inaccuracy in
shifting. [1] and its inability to capture unusual observation in rate data [2]. On the other hand, recent
researches into the application of numerical methods in predicting incremental oil have shown some
promising results. The Cubic spline can be adapted to rate-time data and when such are integrated
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at each point and summed; predicted the incremental oil better, reducing some of the inherent
problems faced in the past [3].
Some experimental works where data can be obtained for use includes the works of Onuoha and [4],
[5], [6], [7], [8], [9], [10], [11]. Some other works of Onuoha et al (2017) [12], [13], [14], and Taiwo
et al (2019) [15] were also of great contributions. To understand the different numerical methods
used in estimating the incremental oil from EOR the works of [16],[17], and [18], [19],) [20], [21])
[22], [23], [24] and [25] were very useful.
In order to further reduce these problems and attained better accuracy in Incremental oil prediction,
this paper propose to apply a relatively new numerical quadrature to the concept of incremental oil
prediction; the Simpson quadrature. Furthermore, we also seek to improve the performances of the
Trapezoidal rule by accounting for the error term in the formula.

Fig 1. Incremental Oil Recovery from Typical EOR Response curve [26] and [27]
2.1 Simpson’s Rule
In calculus, Simpson rule is a method for estimating value of integrals using quadratic and other
higher polynomial expressions. Therefore, more complicated approximations formula an improve
the accuracy for curves, these include using 2nd and 3rd order polynomial. Two versions of the rule
are widely known and applied.
2.1.1 Simpson 1/3th Rule
In this rule, the function is approximated by a second-order degree polynomial between successive
points. It corresponds to using second-order Lagrange polynomials in modelling data points.
Mathematically, it is given by the model:
𝑰=

ℎ
[𝑓(𝑥0 ) + 4[𝑓(𝑥1 ) + 𝑓(𝑥3 ) …
3
+ 𝑓(𝑥2𝑛−1 )]+2⌊𝑓(𝑥2 ) + 𝑓(𝑥4 ) … + 𝑓(𝑥2𝑛−2 )⌋ + 𝑓(𝑥𝑛 )]

1

The error associated with this rule is given by the model;
𝑛ℎ5 4
𝐸𝑟𝑟𝑜𝑟 = −
𝑓 (𝑥)
2
90
2.1.2 Simpson’s Three-Eight Rule
This rule corresponds to using third-order polynomial to fit four points. Integrating over the four
points gives the model as shown in Eq (3).
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𝑰=

3ℎ
⌊𝑓(𝑥0 ) + 3[𝑓(𝑥1 ) + ⋯ + 𝑓(𝑥3𝑛−1 )] + 2(𝑓(𝑥3 ) … + 𝑓(𝑥3𝑛−3 )) + 𝑓(𝑥3𝑛 )⌋
8
𝑛ℎ5 4
−
𝑓 (𝑥)
3
80

The error associated with this rule is given by the model;
𝑛ℎ
𝐸𝑟𝑟𝑜𝑟 = − 𝑓 4 (𝑥)
4
80
2.2 Trapezoidal Rule
The trapezoidal is the first of Newton-Cotes integration formulae. Trapezoidal Rule is an already
established numerical integration formula which involves the use of the integral under a straight line
to approximate the integral under a curve. The respective mathematical model for the rule is clearly
outlined as follows.
Mathematically,
𝑏

𝐼 = ∫ 𝑓𝑥 ⅆ𝑥

5

𝑎

For a single strip (two ordinates)
ℎ3

ℎ

𝐼 = 2 ⌊𝑓(𝑥0 ) + 𝑓(𝑥1 )⌋ − 12 𝑓 " (𝑥)
For multiple strips (𝑛 > 2 ordinates)
ℎ
𝐼 = 2 ⌊𝑓(𝑥0 ) + 2(𝑓(𝑥1 ) + 𝑓(𝑥2 ) + 𝑓(𝑥3 ) + ⋯ + 𝑓(𝑥𝑛−1 )) + 𝑓(𝑥𝑛 )⌋ −
`

ℎ3

12

𝑓 ” (𝑥)

6

7
ℎ3

𝐸𝑟𝑟𝑜𝑟 = − 12 𝑛𝑓 " (𝑥)
Where
𝐼 = Area under the graph

8

2.3 Numerical Error Evaluation
It should be noted that, so far for the numerical quadrature include differentials to the second order
and third order respectively in the error model for Trapezoidal rule and Simpson rule respectively.
Interestingly, past works on these Quadrature have shown that they have the tendencies to over/under
predict sometimes, depending on the data architecture. It therefore becomes pertinent that the
differentials for the respective quadrature be accounted for in order to evaluate each error term and
consequently get a more accurate result.
Since this work utilizes experimental data – which are carbon copy of field data- it becomes pertinent
that we find a way to generate those differentials (as contained in respective error model) using the
data points. In order to solve this challenge, this paper utilizes the Numerical differentiation
technique, known as the Finite difference. The mathematical manipulation is shown below.
Recall,
ⅆ𝑦 △ 𝑓𝑖
=
9
ⅆ𝑥 △ 𝑥
This can be extended to the second and fourth differentials in order to fully account for the error in
the Trapezoidal and Simpson’s rules respectively.
ⅆ2𝑦
𝑓𝑖+2 − 2𝑓𝑖+1 + 𝑓𝑖
=
10
2
ⅆ𝑥
△ 𝑥2
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ⅆ4 𝑦 △4 𝑓𝑖 𝑓𝑖+5 − 4𝑓𝑖+3 + 6𝑓𝑖+2 − 4𝑓𝑖+1 + 𝑓𝑖
=
=
ⅆ𝑥 4 △ 𝑥 4
△ 𝑥4

11

Therefore, the Newton forward difference table would be drawn for each data to account for their
respective differentials in order for accurate error computations.
3.0 Results and Discussion
3.1. Incremental Oil
In this research paper, the Simpson quadrature along with Trapezoidal rule were adapted to ratetime data for incremental oil prediction. Multiple data points were used for each case study to
replicate what is obtainable in field data. The equations for each projected declines, assuming the
EOR process had not been initiated were obtained using Excel trendline function for the case studies
Therefore, Incremental oil as shown in Fig 1, is defined mathematically as given;
b

b

Incremental oil = ∫(Composite function)dt − ∫ f (t)dt
a

a

Where the composite function= Simpson rule/Trapezoidal rule.
b

∫ f (t)dt = Equation of projected decline
a

The rate-time curves of the case studies considered in this analysis are shown below
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Figure 2. Rate-time profile for the polymer flooding case study
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Figure 3. Rate-time profile for the polymer flooding case study
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Figure 4 Rate-time profile for the alikaline surfactant polymer flooding case study
The incremental oil prediction from each case study using the respective models have been outlined
below. Also, the error profile was also included to show clearly the accuracy of each method.
Case one:
Incremental oil
SIMPSON

TRAPEZOIDAL
21

20.4

20

19.469
18.29

19
18

PREDICTION METHODS

17

INCREMENTAL OIL,CC/MIN
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Figure 5a. Comparison of incremental oil predictions for the polymer flooding case study
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Figure 5b. Error incurred by the prediction methods for polymer flooding case study
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Figure 6a. Comparison of incremental oil prediction for the polymer flooding case study
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Figure 6b. Error incurred by the prediction methods for polymer flooding case study

Case three:
Incremental oil
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Figure 8a. Comparison of incremental oil prediction by the for the alikaline surfactant polymer
flooding case study
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ERROR PROFILE
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Figure 8b. Error incurred by the prediction methods amount for alikaline surfactanrt polymer
flooding case study
The results from the analyses as presented in figures 4.1a to 4.3b shows the superiority of the
Simpson rule in predicting incremental oil from successful EOR process compared to the
Trapezoidal rule, which has previously been one of the most popular tools used in the past. This is
shown clearly in the “error profiles” plots for each EOR process considered as the Simpson rule
return closer incremental oil values to those measured in the laboratory
One of the reasons for this impressive performance by the Simpson rule can be attributed to its
adoption of higher polynomials in modelling data points as compared to the straight line used in
Trapezoidal rule. This ensures that rate data were well modeled and defined with appropriate
functions.
It is worthy to note that our introduction of Finite difference in this research work has helped
effectively in accounting for the error term in both the Simpson’s rule and trapezoidal rule. In fact,
it has further refined the performance of the Trapezoidal when compare the past observation when
this was not taken in cognizance. This, which have been left unaccounted for in past works, shows
truly that these rules sometimes can over/under estimate depending on the data we faced with and
therefore should not be neglected or with contempt.

4.0. Conclusion and Recommendation
We have convincingly developed a more accurate alternative methodology for estimating the
incremental oil. The incremental oil predicted by the Simpson rule was more accurate compare to
the Trapezoidal rule and close to that measured from the laboratory. The improved accuracy of
Simpson quadrature can be attributed to the adoption of higher polynomial in modelling data points;
that is rate points. This gives a robust definition of each data point, giving a more accurate result for
the respective integral evaluation. The concept of finite difference introduced was helpful in the error
calculation and thus ensuring an accurate incremental oil prediction by the quadrature The difference
between the integral under the incremental oil recovery curve and the integral under the
corresponding curve of the projected decline represents the incremental oil. The performance of the
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quadrature will contimue to yield impressive results regardless of the EOR method that is under
consideration and the number of data point being used.The Incremental prediction by the quadratures
provides a “unique” solution. However, we do like to recommend the use of more numerical methods
for oil recovery analysis.
Nomenclature
EOR
𝑥
𝑥𝑖
′
𝑓𝑖,𝑖+1
"
𝑓𝑖,𝑖+1
∆𝑓𝑖
𝑁𝑝
𝑞
𝑦𝑖
ℎ
𝑛
𝐼
𝑓(𝑥𝑛 )
𝑑2𝑦

Enhanced oil recovery
Independent variable
Node
First derivatives
Second derivatives
First forward difference
Cumulative production(𝑐𝑐)
Recovery rate(𝑐𝑐/𝑚𝑖𝑛)
Knot
Height (mins)
Number of panels
Area under graph
Independent variable (Rate)
Second order differentials

𝑑𝑥 2
𝑑4𝑦

Fourth order differentials

𝑑𝑥 4
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